Abstract In this review article we revisit and spell out the details of previous work on how Berry phase can be used to construct a precision quantum thermometer. An important advantage of such a scheme is that there is no need for the thermometer to acquire thermal equilibrium with the sample. This reduces measurement times and avoids precision limitations. We also review how such methods can be used to detect the Unruh effect.
Our work was motivated by a recent proposal for measuring the Unruh effect at low accelerations that also exploits the geometric phase [3] . For several decades now it has been known that a (not quite) straightforward application of quantum field theory in relativistic settings implies that the vacuum state of a quantum field corresponds to a thermal state when described by uniformly accelerated observers, a phenomenon known as the Unruh effect [4, 5] . Direct detection has continued to elude empirical scrutiny since the associated temperature of the thermal bath (the Unruh temperature) is smaller than a 1 o Kelvin, even for accelerations as high as 10 21 m/s 2 . With current technology, sustained accelerations higher than 10 26 m/s 2 are required to detect the effect [6, 5] , one of the main experimental goals of our time [7] . Observation of this phenomenon would settle long standing controversies concerning the very existence of the effect, and would also provide strong indirect empirical support for black hole evaporation and radiation [8] . Detection of the Unruh effect would have an immediate impact in many fields such as astrophysics [9] , cosmology [10] , black hole physics [11] , particle physics [12] , quantum gravity [13] and relativistic quantum information [14] . A number of proposals have been put forward to this end. These include analog systems such as fluids [15, 16] , Bose-Einstein condensates [17] , optical fibers [18] , slow light [19] , superconducting circuits [20] and trapped ions [21] . The best case scenarios yield Unruh temperatures of the order of nanokelvin that remain very difficult to detect.
The key feature we exploit here is the conjunction of the geometric phase with methods from (relativistic) quantum information. The former effect, first noticed by Berry, is that when the parameters of the Hamiltonian of a quantum system are varied in a cyclic and adiabatic fashion, its eigenstates acquire a phase (in addition to the usual dynamical phase) [1] . The latter effect, noted more recently [14] , is that acceleration degrades quantum entanglement. The conjunction of these two notions suggests that a point-like detector interacting with a quantum field can acquire a geometric phase due to its movement in space-time under certain conditions, inertial detectors acquire a phase different from that of accelerated ones (Fig. 1) . Hence the phase encodes information about the Unruh temperature; as we shall see accelerations as low as 10 17 m/s 2 can be detected in this manner. More generally, a detector moving through a thermal bath at one temperature will acquire a phase different from movement through a bath at another temperature, yielding a form of thermometry dependent only on quantum effects.
Accelerated detector
Inertial detector At this point our methods are best suited for measuring the temperature of radiation confined to a cavity. The thermometer is a 2-level atomic system that interacts with the radiation via a Hamiltonian whose properties we consider in the next section. We shall model the radiation as a massless scalar field and the 2-level system as an Unruh-de Witt detector. While this approach is restrictive, its applications are conceivably quite broad. For example the temperature of a gas could be measured by putting it in thermal equilibrium with radiation, whose temperature could then be detected using our approach.
Hamiltonian Diagonalization
To illustrate how such quantum thermometry works, consider a massless scalar field in a cavity from the perspective of inertial observers moving in a flat (1 + 1)-dimensional spacetime. The field in the cavity is taken to be in a thermal state of a given temperature, either because it is in thermal equilibrium with an environmental reservoir, or due to the Unruh effect, in which uniformly accelerated observers will experience this state to be that of a thermal state with temperature T U = a/(2πck B ) where a is the observer's acceleration, c the speed of light and k B Boltzmann's constant (the so-called Unruh temperature). In either case, the Hamiltonian is that of a point-like harmonic-oscillator-detector endowed with an internal structure that couples linearly to the scalar field φ(x(t)) at a point x(t) corresponding to the world line of the detector; explicitly
where Ω a and Ω b are the field and atom frequencies respectively and λ is the coupling frequency.
Here b † and b are the ladder operators of the harmonic oscillator and the field operator takes the formφ(x(t)) ≈φ k (x(t)) ∝ a e i(kx−Ωat) + a † e −i(kx−Ωat) , where a † and a are creation and anihilation operators associated with the field mode k with frequency |k| = Ω a . This model is a type of UnruhDeWitt detector [5] which has been previously studied in [22] . Note that in 1 we employ a mixed picture (where the detector's operators are time independent) as opposed to a Heisenberg or an interaction picture; this setting is more convenient for the calculations we wish to carry out.
In a realistic scenario, the oscillator couples to a peaked distribution of field modes. As a first attempt, we will sharpen this peak to approach a delta function by assuming that only one mode of the field is coupled to the detector. A cavity at finite temperature can be employed to engineer such a single mode interaction; its modes vary over a wide range of frequencies, but if one of them is close to the detector's natural frequency, the detector effectively interacts only with this single mode. Although the employment of such simplified models is extensive in quantum optics (for instance the Jaynes-Cummings model [23] ), these models are known to be problematic in very short time regimes for which the interaction of the detector with the off-resonant modes cannot be neglected, leading to the appearance of unphysical faster-than-light signalling [24, 25] . For the time scales of our idealized setting, the corrections coming from additional off-resonant modes do not destroy the effect [25, 26, 27, 28] .
To illustrate this, assume that the fundamental mode of a length L cavity is in resonance with the energy gap of the atom. In order to neglect the contribution to the time evolution given by the interaction of the atom with the second, third and subsequent harmonics, the energy gap between the fundamental mode of the cavity and the second harmonic must be much larger than the gap between the ground and excited states of the atom. The gap between the different harmonics in the cavity is proportional to 1/L, so for this single mode model to work we require that L is small enough to ensure there is a sufficiently large gap between the modes. To be sure that any of the effects described by this simplified model do not come from any spurious non-causal behaviour, we would have to make sure that the relevant times of evolution are much larger than the light-crossing time of the cavity. As we will see below, in our setting such characteristic times are of order Ω −1 where Ω is the atom gap. In our scenario, for the experimentally feasible values considered below, an atom gap of 1 Ghz yields an evolution time of 1 ns in the least favourable scenario we consider. The length of the cavity such that the light crossing time is precisely t c = 1 ns is L = 0.3 m. For time evolution scales to be much larger than the light crossing time of the cavity we need to consider a cavity of centimetres or millimetres [25] , something very feasible from the experimental viewpoint. For the other cases proposed here the gaps as small as 1 Mhz; ensuring non-signaling implies that the cavity should only be smaller than hundreds of meters. This requirement is obviously easy to fulfill experimentally.
The procedure for computing the geometric phase is to first diagonalize the Hamiltonian (1). This can be done analytically and details are given in the appendix. The unitary operator that accomplishes this depends on the parameters (u, v, s, p, ω a , ω b ), each of which are functions of λ and the detector frequencies Ω a , Ω b -only three of these turn out to be independent, and we take them to be (v, ω a , ω b )
The associated eigenstates of (1) are
The subscripts f and d respectively refer to field modes (on which the (a, a † ) act) and detector modes (on which the (b, b † ) act). The operators
and R a = exp − iϕ a † a are the two-mode displacement, single-mode squeezing and phase rotation operators [23] , respectively. Their action on the various creation and annihilation operators is given in the appendix.
The next step is to compute the geometric phase under cyclic evolution of the parameters (v, ω a , ω b ) for a detector (an inertial atom) interacting with an eigenstate of the Hamiltonian. The third step is to repeat this for an atom interacting with a field mode in a thermal state. Finally the (temperaturedependent) net geometric phase can be computed.
A schematic diagram is given in figure 2 . Note that it is the displacement of the detector in 
By making a projective measurement we can verify that the detector is still in its ground state, ensuring that state of the joint system is ρT = U †
space-time that generates a cyclic change in the Hamiltonian, with the phase ϕ = kx − Ω a t, of the field operators completing a 2π cycle in time ∆t ∼ Ω −1 a , where (t, x) are Minkowski coordinates (a convenient choice for inertial observers).
Before the interaction between the field and the detector is switched on, the field is in the vacuum state and the detector in the ground state and so the system is in the state |0 f 0 d . We find that after the coupling is switched on the state of the system is
in the sudden switching approximation 1 In the coupling regimes we consider
which can be demonstrated numerically. Hence for either cavity we have
and so for small λ all changes are adiabatic. After the coupling is suddenly switched on and the state of the system is U † |0 f 0 d , the movement of the detector in spacetime, which can be considered cyclic and adiabatic, generates a Berry phase.
Berry Phase Computation
The Berry phase γ acquired by the eigenstate |ψ(t) of a system whose Hamiltonian depends on k parameters R 1 (t), . . . , R k (t) that vary cyclicly and adiabatically is given by
where
and R is a closed trajectory in the parameter space [1, 30] . We calculate the Berry phase acquired by an eigenstate of the Hamiltonian under cyclic and adiabatic evolution of parameters (v, ϕ, ω a , ω b ).
The only relevant parameter that will vary under time evolution is ϕ. It is straightforward to see that the variation of the parameter ν will not generate a Berry phase since
Because there are no number operators inside the bra and the ket after derivation and action with all the operators, the only contribution to the Berry phase
comes from the variation of the parameter ϕ. Now, since ∂ ϕ R † a = iR † a a † a and the other operators do not depend on ϕ we can readily compute
and making use of the relation (27) in the appendix, we know that
1 Suddenly switching on the coupling is known to be problematic since it can give rise to divergent results. However, in this case such problems are avoided because we are considering an effective (1 + 1) dimensional setting. In (3 + 1) dimensions these divergences can be treated by introducing a continuous switching function [29] ; the results are qualitatively the same.
and that
and so we can successively commute the number operators and compute its integral over the parameter space. This yields the Berry phase
acquired by an eigenstate U † |n f n d , where
with C = 1 2 ln (ω a /ω b ) and ω a /ω b > e 2v . In the special case of the ground state (n f = n d = 0) we obtain γ I00 = 2π T 00 .
Note that the ground state is non-degenerate and the gaps between energy levels are independent of time.
Thermometry from Geometric Phase
We here discuss how to utilize the geometric phase as a probe of thermal systems [2] . The idea is to use an atomic interferometer as a thermometer, measuring the temperature of a cold medium by comparison with a hotter thermal source of approximately known temperature. The geometric phase acquired by an atom interacting with a thermal state instead of an eigenstate of the Hamiltonian (see [31] ) provides a measure of the temperature of the thermal state without any requirement that the atom comes into thermal equilibrium with the colder source. Consider a bosonic medium at temperature T contained within a cavity. The density matrix is
The initial state of the field and atom the system is the mixed state |0 0| ⊗ ρ T . Upon adiabatically turning on the interaction, the system evolves into the state ρ = U † (|0 0| ⊗ ρ f ) U . The mixed state ρ acquires a geometric phase γ = Re(η), with
after a a cycle of adiabatic evolution [31] , where γ i is the geometric phase acquired by the eigenstate |i . Under one cycle of evolution for the state ρ T we obtain
and the parameters (C, v, ν d , ν f ) are as before, yielding
for the acquired geometric phase. For two thermal environments at different temperatures the phase difference is This phase difference can be quite large for realistic coupling values for atoms in cavities, as illustrated in fig. 3 . Depending on the atomic gap, it is also very sensitive to a particular range of temperatures. We can thus tune the phase δ to a particular temperature range; we find that δ is quite sensitive to variations of the cold source but rather insensitive to changes in the hot source. This is shown in fig. 4 : large variations in the hot source temperature translate into very small variations of the measured phase, providing us with a high precision thermometer. Furthermore, there is no need for the atomic (or multi-level system) probe to come into equilibrium with its thermal environment(s).
Detection of the Unruh Temperature
Our approach for constructing a large, high-precision thermometer using atomic interferometry techniques can be exploited to provide a new test of the Unruh effect. In this section we outline how this can be carried out.
A convenient choice of reference frame for computing the Berry phase in the case of an accelerating atom is to use Rindler coordinates (τ, ξ), for which ϕ = |Ω a |ξ − Ω a τ . The evolution is cyclic after a time ∆τ = Ω −1 a . Adiabaticity can also be ensured in this case since the probability of excitation is negligible for the accelerations we consider [32, 5] . Although H T in (1) has the same form for both Relative error in the hot source temperature Relative error in the measured phase Fig. 4 Relative error in the Berry phase (and therefore, the determination of the temperature for the cold source) as a function of the relative error in determining the temperature of the hot source. As we see, the setting is very robust: huge changes of temperature of the hot source translate into small changes in the phase δ.
inertial and accelerated detectors, in the inertial case a, a † are Minkowski operators, whereas for the accelerated detector they correspond to Rindler operators.
To make this distinction clear, denote the respective Minkowski and Rindler operators by U † M and
The state of the field is not pure for accelerated observers but rather is mixed, a key distinction from the inertial case. In the basis of an accelerated observer, the state |0 f 0 f | transforms to the thermal Unruh state ρ f [4, 14] , and so before the field-detector interaction is turned on, the system is in the mixed state ρ f ⊗ |0 d 0 d |. Upon suddenly switching on the interaction, a general state |n f 0 d evolves, very close to a superposition of eigenstates U † R |i f j d where N f = i f +j d in the small λ coupling regime. We can ensure that the state of the joint system is ρ T = U †
we verify that the detector is still in its ground state (by making a projective measurement) immediately after switching on the interaction.
Calculating the mixed state Berry phase [31] we find
where γ I is the inertial Berry phase, q = arctan e −πΩac/a and
depends on the detector parameters.
We now compare the Berry phase acquired by the detector in the inertial and accelerated cases. After a complete cycle in the parameter space (with a proper time Ω −1 a ) the phase difference between an inertial and an accelerated detector is δ = γ I − γ a . The results are illustrated in figure 5 , which plots the phase difference δ as a function of the acceleration for physically relevant atomic transition frequencies [33, 32] coupled to the electromagnetic field (in resonance with the field mode they are coupled to) in the microwave regime (2.0 GHz). We consider three different coupling strengths: 1) λ 34 Hz, 2) λ 0.10 KHz, 3) λ 0.25 KHz. The phase difference is large enough to be detected after a single cycle (about 3.1 ns). Evolving the system through more cycles will enhance the phase, since the effect is cumulative. The maximal phase difference achievable is δ = π, corresponding to destructive interference. This can occur after 30000 cycles ( 95 µs) for an acceleration of a ≈ 4.5 · 10 17 m/s 2 . For this magnitude of acceleration the atom will acquire a speed of ≈ 0.15c after a time t ≈ Ω −1 a . Consequently the geometric phase acquired by the joint field/atom (more generally field/detector) state can be used as a tool to probe the Unruh effect for accelerations as small as 10 17 m/s 2 .
Closing Remarks
There are several experimental challenges to be overcome in implementing quantum thermometry. The basic setup would be that of an interferometric experiment, as illustrated in figure 2 . For (inertial) quantum thermometry in general [2] , it is necessary for weak adiabaticity to hold: there must be a near negligible probability of finding the atom in an excited state after one cycle of evolution. Furthermore, this means that the atom does not have time to thermalize, and the hypotheses necessary to apply Berry's formalism hold [3] . This requirement could fail for small atomic gaps, strong couplings, or high temperatures. In the latter case coherence loss will occur only for thermal sources at temperatures several orders of magnitude above the ones we are considering. When weak adiabaticity holds, the interaction time of the multi-level atom with the thermal state must be short enough so that the only change that atomic state acquires only a global phase (dynamical + geometrical). By solving the Schwinger equation (in the interaction picture)
numerically we find that the probability of finding the atom in the excited state cannot be distinguished from thermal noise for realistic values of the coupling λ after a short time ∼ 10 4 · 2πΩ −1 . Since in our scenario the atoms interact with the thermal bath only for very short times (1 cycle of evolution t ≈ 2πΩ −1 ), weak adiabaticity holds, as illustrated in fig. 6 . Even in the worst case scenario (1 Mhz gap and 1 mK temperature) the probability of excitation is P ≈ 10 The quantum thermometer we propose has a rather sensitive target temperature range, typically about 3 orders of magnitude as shown in fig. 3 . The reference source temperature needs to be about 3 orders of magnitude larger (or smaller) than the target temperature, though hotter reference sources are preferred since they are easier to control.
To observe the Unruh effect, even though accelerations of 10 17 m/s are nine orders of magnitude smaller than other proposals [6] , they are still formidably large, necessitating a compromise between the desired phase difference and feasibility of handling relativistic atoms. Since the phase accumulates independently of the sign of the acceleration, alternating periods of positive and negative acceleration could perhaps be exploited to reduce the atom's final speed, and cancelling to some extent the dynamical phase difference between the paths in certain settings. For example, with current length metrology technology 2 the relative dynamical phase could be controlled with a precision ∆φ ≈ 10 −8 , several orders of magnitude smaller than the Berry phase acquired in one cycle. Recent work inspired by our quantum thermometry approach has shown that it is possible to take both geometric and dynamical phases into account to build interferometric settings that are as precise as those we consider here [26] ; no single-mode approximation is required. Our approach can also be applied to Quantum Non-Demolition (QND) measurements. It can be shown that an atomic probe, on resonance with the target field mode we want to measure, can be sent through a cavity in a manner that does not alter the state of light in cavity whilst acquiring a non-negligible (and measurable) phase [26] . Known as 'mode invisibility', this technique allows for the effective distinction of Fock states containing very few photons via an interferometry setup similar to figure 2, in which one cavity contains a known state of light and the other one contains the unknown state of light that we want to probe. This method can be extended to coherent states of light that are experimentally much more controllable and easier to prepare than Fock states, yielding information about some features of the Wigner function (such as the relative difference in the phase of a squeezing and a phase space displacement) [34] .
Quantum thermometry, while challenging, is at the edge of experimental feasibility. It opens up new ways to detect the Unruh effect and perhaps to probe other phenomena (for example Bose-Einstein condensates [35] ) associated with relativistic quantum information. More generally, it can perhaps be used to probe a variety of field/atom systems that sensitively depend on one (or more) parameters. Work on these issues is in progress. 
